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Abstract. The Friedmann–Robertson–Walker–Lemaitre metric tensor in mat-
ter fields presence in quantum context is studied. New quantization method for
this cosmological model is proposed. Four elementary approaches are effectively
jointed. The Dirac method for constrained systems is used, then the Fock space is
built and the second quantization is carried out. Finally the diagonalization ansatz
is proposed - combination of the Bogoliubov transformation and the Heisenberg
equation of motion. As a result the Quantum Cosmology as the many-Universe
system is formulated.
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1. Introduction
Quantum equivalent of the Einstein–Hilbert theory supplies many problems.
Admittedly exist a lot of attempts of formulating quantum theory of gravitational field
and quantum cosmology, but still we have not good - in mathematical and physical
senses - quantum theory.
Experiments give clear and unambiguous results about the Nature of our Universe
- Matter and Light are present, the geometry of space is flat with very good precision.
Statement that the Universe is homogenous and expanding by isotropic manner is
correct.
We offer new approach to the problem of formulation of the Quantum Cosmology.
As the Universe space–time we use the Friedmann–Robertson–Walker–Lemaitremetric
tensor. Quantization procedure to this model is suggested. We propose effective
combination of four elementary quantization methods. As a result we obtain well-
defined - in quantum-field-theoretical sense - the Quantum Cosmology.
2. Friedmann–Robertson–Walker–Lemaitre Model











where g = det gµν , gµν is the metric tensor, κ = 8piG, G is the Newton gravitational








gρσ (∂νgµσ + ∂µgσν − ∂σgµν) , (3)
are the Ricci tensor and the Christoffel symbols respectively [3]. The Hilbert–Palatini
variational method applied to the action (1) gives equations of motion for geometry -
the Einstein–Hilbert equations [1], [2]:
Rµν − 1
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is the energy-momentum tensor of the matter fields.
Let us consider the model of homogenous and isotropic space-time given by the







where Nd is the Dirac lapse function, and a is the Friedmann cosmological scale factor.
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is the Planck mass in natural units. In the conformal time (10) the
space-time interval looks like pseudo-euclidean interval
ds2 = a2(τ)
{
dτ2 − (dx2 + dy2 + dz2)} . (12)
Reduced by partial integration method the Hilbert action (1) expressed by the

























































is the shell-energy-constraints equation. The constraints equation (17) defines values
of the canonical momentum (15):
Pφ = ±Eφ, (18)
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After introducing the redshift z





HFields(τ ′)dτ ′, (22)





1 + z(τ0; τ)
, (23)
which is known as the Hubble law.
3. Quantization
3.1. First Quantization by the Dirac Approach
The previous part of this paper was concentred on the Friedmann–Robertson–Walker–
Lemaitre metric tensor. We obtained description of classical theory - cosmology in the
conformal time (10). In this section we will build quantum theory. We will construct
nonstandard quantization procedure. At first we will use the Dirac quantization of
constrained systems, next step is building of the Fock space and using the nonstandard
second quantization method. Finally we will formulate the Diagonalization Ansatz.
The first element of our procedure is the first quantization of energy constraints
proposed by Dirac [4]. The shell-energy-constraints of the classical theory which was
present in the previous section are
P 2φ − E2φ = 0, (24)
where Eφ is given by (19) and Pφ is a canonical momentum of the classical theory.
According to the Dirac approach, a first quantization of a classical theory is nothing
else than quantization of the constraints (24) by canonical commutation relation
(CCR)
i [Pφ, φ] = 1, (25)
and assuming that exist wave function of a quantum theory Ψ(φ). This stage






Ψ(φ) = 0, (26)
which is known as the Wheeler–DeWitt equation [5], [6], which formally looks like the
Klein-Gordon equation of massive scalar field, with changing mass, in 0-dimensional
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3.2. Fock Space and Second Quantization
The following step of the quantization program is building of the Fock space with
correct vacuum state and second quantization of the system. By this step we are
going to obtain the description in terms of quantum-field-theoretical formalism.
Let us consider the action functional which should be use to obtaining of the
Wheeler–DeWitt equation (26) as the Euler–Lagrange equation of motion. This is
not difficult to observe that the action has a form similar to the action of the Klein–










































and has a form of the Hamiltonian for the harmonic oscillator with the frequency
ω = Eφ.
We see that wave equation of the system is Klein-Gordon type. By this we
conclude that te Fock space of system should be boson type. We build the Fock space
of the operators U and U†, which we will call name the Universe creation operator and
the Universe annihilation operator respectively. The boson type CCRs are [9][
U,U†
]


















i [ΠΨ,Ψ] = 1. (34)
These distributions are not standard - the normalization coefficients depends on φ,
but we introduced these coefficients in analogy with harmonic oscillator case. In the
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is the Hamiltonian operator of the system. A variational principle applied to the




















These equations can be understand as the inhomogeneous Heisenberg equations [9] of
motion which describe the φ-evolution of the operators U† and U on the Fock space.
The RHSs of these equations are not equal to zero as in the case of the Heisenberg
equations. This is an effect of dependence on φ of the ”oscillation frequency” Eφ. In
case of ”simple” harmonic oscillator (oscillation frequency is not dependent on φ) the
RHSs vanish automatically and φ-evolution is the Heisenberg type.
3.3. Diagonalization Ansatz
We see that both the integrand - the Lagrangian of the system - in (35), and the
equations of motion (37) are nondiagonal. In other words the φ-evolution of the op-
erators U and U† is not Heisenberg type. Now we would like to obtain the Heisenberg
φ-evolution. In order to achieve one’s goal we introduce the ansatz.
Diagonalization Ansatz
(i) The operators U† and U on the Fock space for which the Lagrangian of the system
is nondiagonal and the φ-evolution is described by inhomogeneous Heisenberg








































with E˜φ as the diagonalization energy.
(iii) In the basis (U†, U) the Lagrangian of the system is diagonal
L(U†, U) ≡ H(U†, U) = EUU†U, (41)
where EU is the energy of elementary excitations.
(iv) The operator N = U†U has natural interpretation of the denisty of excitations
number operator. N is an integral of motion
∂φN = 0, (42)
and by this exist the stable vacuum state |0〉 of the system
U|0〉 = 0, 〈0|U† = 0 (43)
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From the Diagonalization Ansatz arise the equations of motion for coefficients A




































3−1)(x2 − 1), (46)
where x = φ(τ)
φ(τ0)







The diagonalization energy E˜φ has a form
E˜φ = − λ
φ(τ0)
[
3x4 − 4x2 + x
3 − 1
x3 lnx






while the energy of elementary excitations is
EU = − 3λ
2φ(τ0)
(x4 + 1) (49)
4. Temperature of System
Now we will discuss the temperature of the system. From elementary thermodynamics
[10] is known the formula for temperature of system T in terms of the entropy S and








According to the von Neumann approach the entropy of system is a vacuum
expectation value as follows
S = kB〈N lnN〉, (51)
where N = U†U is the density of Universes number operator and kB is the Boltzmann
constant. The energy of system is
E = 〈NH〉. (52)











〈∂φN lnN + ∂φN〉
〈∂φNH + N∂φH〉 (53)
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5. Instead of commentary: Many Universes
In this paper we considered the Friedmann–Robertson–Walker-Lemaitre model of the
Universe. We proposed quantization procedure for this model. As a result we obtained
the Quantum Cosmology described in terms of the many-Universes system. This is
only an example of a many-Universe system because of the Friedmann–Robertson–
Walker–Lemaitre metric tensor is an example of model of the Universe spacetime. We
saw that the temperature of the system (55) is very nice function of x (or redshift z).
Generally, the system warms with arising of x. In our opinion futher calculations in
Quantum Cosmology should will make in this context - in frames of the Fock space
and many-particle formalism.
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